INTRODUCTION
The total energy input to the surfaces of a cometary nucleus is an essential parameter which influences the amount of gas and dust released from those surfaces. The presence of a dust coma surrounding the comet nucleus implies the existence of processes of scattering and absorption of light by particles. In the vicinity of the nucleus, multiple scattering effects are known to be important (Hellmich 1981 , Marconi and Mendis 1984 , Salo 1988 ). The Monte Carlo method has proven to be useful in computing the radiative energy input into the nucleus in those conditions (see Salo (1988) and references therein). The treatment by Salo (1988) is the most complete to date, as it incorporates the calculation of the direct, multiple scattering and reradiated infrared fluxes into the cometary surfaces. The method is rather general, being applicable to any phase function, optical thicknesses, or single scattering albedo of the coma particles. In the code presented here, we incorporate the full four-element Stokes vector into the calculations, and we use recently derived single scattering matrices for cometary analogues in the laboratory. The code, which in principle is made for spherical nuclei surrounded by spherical-shell dusty atmospheres in which the optical thickness and the spatial distances are related by simple analytical expressions, is intended to be extended to nonspherical surfaces and numerical dust density distributions in the near future. Our final goal is to compute fluxes in real comets, having arbitrary nucleus shapes, nonuniform particle density distributions, and particle size distributions varying with location in the coma. For that objective, in situ measured or computed dust density and size distribution functions will be used as input to the code, and real nucleus shapes will be considered. The dust density distributions could be the output of gasdynamic simulations (Crifo and Rodionov 1997a,b) , and the nucleus shapes could be those derived from in situ imaging, such as the images given by Giotto flyby of the nucleus of Comet Halley or those to be acquired with instrumentation on board the Rosetta Mission to Comet Wirtanen. In this paper we report on the description of the code and the validation with previous Monte Carlo calculations, and we focus on the effect of considering the full scattering matrix in the computations of the input flux impinging on cometary surfaces. The input single scattering matrix is constructed by fitting the observed phase variation of the linear polarization in comets. The fit is made from a combination of laboratory scattering matrix measurements of a magnesium-rich crystalline olivine with that derived for absorbing carbonaceous particles.
THE MONTE CARLO CODE: DESCRIPTION AND VALIDATION
The Monte Carlo method is essentially a direct stochastic simulation of the physical processes affecting the radiation field. After the dust size distribution, the density of the particles in space, and their optical properties, as well as the shape and albedo of the surface, are all defined, a source of photons (the Sun) is considered. The incident radiation is considered unpolarized. These photons are allowed to enter the region of interest by traveling in a specified direction. The distance the photons travel until an interaction occurs is determined by sampling the optical depth, and then the type of interaction (scattering or absorption) and the new direction of the photon are determined. In the simplest approach of Monte Carlo methods, the process ends when the photon leaves the atmosphere or is absorbed by either a dust particle or the surface, and then a new photon is released from the source. The accuracy of the computed quantities depends obviously on the number of photons released from the source. Our code is inspired by that of Salo (1988) , who made Monte Carlo calculations of the energy input on a cometary spherical nucleus and considered various possibilities, including variations in optical depth, single scattering albedo, and asymmetry parameters, as well as different dust density distributions. The code we have developed includes polarization, a feature that was not considered by Salo (1988) , and also offers the possibility of computing both the input and output radiation fields.
We considered a spherical nucleus centered at the origin of a Cartesian coordinate system surrounded by a coma whose particle scattering properties are described in the following. To initialize the Monte Carlo process, a certain number N of photons are released from a plane perpendicular to, say, the x axis and located at a distance far enough from the origin so that the particle number density is zero. The accuracy in the computed fluxes depends obviously on N , as we discuss for a few test cases. Following Salo (1988) , we used a group sampling method by which the photons are released from that plane from a series of concentric rings around the x axis having increasing area for larger impact parameter b. The outer diameter of the largest annulus, b max , was set to 45R N . For impact parameters larger than b max , we found that the contribution to the computed fluxes was negligible.
To maximize the statistical accuracy of both the emergent and incident radiation on the nucleus surface we use the technique of photon weights (see, e.g., Plass and Kattawar 1971) . Following this technique, a weight W = 1 is associated initially to each photon, and this is appropriately reduced at each interaction. If the photon extended path intersects the nucleus, the optical depth to the surface, τ c , is computed, and the energy carried to the nucleus is proportional to W exp(−τ c ). Then, the weight is reduced by a factor 1 − exp(−τ c ). The actual position of the photon is calculated after sampling the optical thickness. Following Collins et al. (1972) , we used two methods to sample the optical thickness. If the photon extended path intersects the cometary surface, the optical depth is sampled from τ = −(1 − u), where u is a random number in the (0, 1) range. If the optical depth sampled from the previous equation is greater than the real optical depth to the surface, a reflection is forced at the corresponding point of intersection of the segment with the surface, with the weight W being correspondingly reduced by the albedo A s of the ground. Otherwise, the photon is allowed to travel to the point at which the real optical depth equals the sampled optical depth. The photon weight W is then multiplied by the single scattering albedo of the particle. The surface is assumed here to be a Lambertian reflector. If the photon extended path does not intersect the nucleus surface, an interaction is forced at the spatial location corresponding to τ = −{1 − u[1 − exp(−τ max )]}, where τ max is the optical depth from the considered point to infinity. This corresponds to using the truncated probability density distribution as given by (Plass and Kattawar 1971) . In this case, the weight is multiplied by 1 − exp(−τ max ), and the contribution to the output flux at the corresponding angular direction is then given by W exp(−τ max ). The process ends when the weight reaches a value of W ≤ 10 −5 . A new photon is then released from the source.
To find the successive geometrical positions of the photon, we need to translate optical distances into geometric distances. The optical depth is given by τ = σ n(r ) ds, where n(r ) is the dust number density and σ is the mean extinction cross section of the dust grains. Following the formulation by Salo (1988) , the integral is extended to the path given by
N , where r 0 is the radius vector to the point of interaction, e is the unit vector in the direction of the traveling photon, and R N is the nucleus radius. As pointed out by Salo (1988) , considerable advantage in computing time is obtained if s can be evaluated analytically from τ . If the particle density is given by n(r ) ∝ 1/r 2 , then the optical depth is given as a function of s by the expression (Salo 1988) 
where 2 = r 2 0 − (r 0 · e) 2 and τ N is the total optical thickness from the surface to infinity along a radial direction. From this equation, the value of s corresponding to a given τ can be easily computed.
In our formulation, the full four-component Stokes vector is computed at each interaction, following Chandrasekhar (1960) . In a Cartesian coordinate system with origin at O, the Stokes vector after a scattering event, namely (I, Q, U, V ), is computed from that before the event (given by (I , Q , U , V )) at each scattering angle as
where i 1 and i 2 are the angles between the scattering plane and the planes defined by the Z axis and the vectors O P 1 and O P 2 , respectively (see Chandrasekhar 1960, Fig. 8, p. 39) . At each interaction, the scattering angle θ is sampled from the normalized phase function by solving the equation u = θ 0 Z 11 (cos θ ) sin θ dθ , where u is a random number in the (0, 1) interval. For a Henyey-Greenstein phase function, cos θ can be derived analytically from the previous formula, but for Mie or numerical phase functions, we used an interpolation algorithm to get θ for a given u. The scattering azimuth is computed by a rejection method as described by Marchuk et al. (1980) . The angles i 1 and i 2 can then be obtained from the spherical trigonometry formulas, as given, e.g., by Marchuk et al. (1980) . The scattering matrix is, in the present notation, block-diagonal, which corresponds to the case in which the scattering sample consists of randomly oriented particles with equal amounts of particles and their mirror particles (Van de Hulst 1957) .
The thermal reradiation is computed by following the same procedure as described by Salo (1988) . It is assumed that the dust is transparent to the thermal infrared radiation, so that no scattering processes take place at those wavelengths. This implies that the dust grains are much smaller than the wavelength at which they radiate, which constitutes an approximation for real comets. At each interaction, the weight of an infrared photon is W (1 − ), and the thermal flux is given by multiplying the weight by /4π , where is the solid angle given by
To confirm the ability of the Monte Carlo code to reproduce previous results, in this section we show several validation tests through comparison to previous studies concerning both energy input to cometary surfaces and emitted radiance and polarization from dusty atmospheres.
For the case of the energy input, we considered some of the results shown by Salo (1988) for comparison. We considered first the case of a coma surrounding a spherical nucleus having an optical thickness of 1, assuming isotropic and conservative scattering (g = 0, = 1, where g is the asymmetry parameter in a single Henyey-Greenstein phase function and is the particle single scattering albedo). The initial number of photons released from the source limits the accuracy in the computed fluxes. To get an estimate of the accuracy in the computed fluxes, we run the code 10 times by varying the initial seed in the random number generator. As a random number generator we used routine RAN1 by Press et al. (1992) . Table I shows the angular distribution over the spherical nucleus of the multiply scattered flux compared with the results by Salo (1988) and the moment solution (from Table II in Salo 1988) . In this table, we include the standard deviation in the calculations for the cases N = 10 4 and N = 10 6 , where N is the number of initial photons released from the source in the Monte Carlo procedure. As can be seen, the resulting multiply scattered fluxes for N = 10 4 are systematically smaller than those for N = 10 6 , as was also found by Salo (1988) . The accuracy improves considerably when N = 10 6 , and the agreement with Salo's calculations (also made considering N = 10 6 photons) is remarkable. Thus, unless explicitly stated, we set N = 10 6 for all the model calculations presented hereafter.
We next tested the cases of nonconservative and anisotropic scattering. Figure 1 shows the distribution of the multiply scattered, reradiated, and direct fluxes for two values of the optical thickness with g = 0.75 and = 0.5. The agreement with Salo's calculations is excellent again.
To validate the results concerning the emerging radiation, we consider the early results of Kattawar and Plass (1968) , who computed both radiance and polarization of multiply scattered light from plane-parallel atmospheres having particles with a variety of phase matrices, optical thicknesses, and surface albedo combinations. For the plane-parallel case, a separate code was written by keeping the same structure of the spherical case but without the geometric calculations involving optical path intersections with spherical surfaces and without the group sampling method for the photons released. We computed the reflected radiance as a function of the cosine of the zenith angle for such an atmosphere having spherical particles distributed following a haze-C size distribution function (Deirmendjian 1964 ) with a real refractive index of 1.33 at the assumed incident wavelength of 0.7 µm. The components of the single scattering matrix were computed by averaging the Mie scattering elements over the size distribution. The Mie elements were obtained from a code originally written by Bohren and Huffman (1983) and slightly modified by B. T. Draine (available at the P. Flatau Web page:
atol.ucsd.edu/~pflatau/scatlib/scatterlib.htm).
As is readily seen in Fig. 2 , the results obtained by Kattawar and Plass (1968; see their Fig. 7) for the cases in which τ = 0.1
FIG. 2.
The reflected radiance as a function of µ, the cosine of the zenith angle, in a plane-parallel atmosphere having particles distributed as in a haze-C size distribution function. The atmosphere is assumed to be normally illuminated (µ 0 = −1) and to have a zero surface albedo. Results are shown for two values of the optical thickness, τ = 0.1 and τ = 1.0. The results of Kattawar and Plass (1968) are also given for comparison. and 1 and normal incidence (µ 0 = −1, where µ 0 is the cosine of the input solar zenith angle) are in perfect agreement with our calculations. Finally, to test the emerging linear polarization, in Fig. 3 we compare our results with those of Kattawar and Plass (1968; see their Fig. 15) , again for an atmosphere having a haze-C size distribution function of spherical particles, with a total optical thickness of τ = 1 at the 0.7-µm wavelength, for two values of the ground albedo, 0.0 and 0.2, and normal solar incidence (µ 0 = −1). There is also remarkable agreement in this case.
FIG. 3.
The emergent linear polarization as a function of µ, the cosine of the zenith angle, for normal incident unpolarized radiation in an atmosphere having particles with a haze-C size distribution function, for an optical thickness τ = 1 and two values of the ground albedo as indicated. The results obtained by Kattawar and Plass (1968) are given for comparison.
DISCUSSION
Now that the Monte Carlo code has been validated with previous results, we can address quantitatively the effect of neglecting polarization on the energy input to the cometary nucleus by considering realistic phase matrices. In this regard, we refer to the work by Muñoz et al. (2000) , who obtained phase matrices for magnesium-rich crystalline olivine as a cometary analogue in the laboratory. Crystalline olivine has been clearly identified as a component of the cometary dust from cometary thermal infrared spectra (Campins and Ryan 1989, Brucato et al. 1999) . The single scattering matrix elements for the sample labeled as "Olivine M" (see Muñoz et al. 2000, their Table 2 ) at a wavelength of 0.633 µm are shown in Fig. 4 . This sample was characterized by an effective radius of r eff = 2.6 µm and an effective variance of v eff = 5.0. It is interesting to note that other olivine samples with exactly the same particle composition and shape but having different size distributions showed curves similar to that of Fig. 4 , specifically regarding the single scattering polarization curve. All of them show a negative branch at small phase angles and a maximum at side scattering angles. This seems to be a general behavior for irregularly shaped mineral particles (Volten et al. 2001) .
Because of physical limitations in the laboratory, the range of scattering angles is approximately 5 to 173
• ; i.e., no measurements could be done at the exact forward and backward directions. Since for our modeling purposes the input matrix should be defined at every angle in the full 0 to 180
• range, an extrapolation should be made near both forward and backward directions. To do that, for the phase angle we fitted the forward peak by a Mie phase function having the same particle size distribution as the corresponding olivine sample. The other matrix elements were fitted by a least-squares polynomial of a variable degree to get the best fit to the data. The resulting fits are shown in Fig. 4 along with the data. We have verified that the fitted scattering matrix elements all satisfy the Cloude coherence matrix tests (Cloude 1986 ) as described in Hovenier and Van der Mee (1996) .
The dust density distribution function is assumed here to have a 1/r 2 dependence, as assumed by Salo (1988) , corresponding to a constant outflow velocity for the particles ejected from the spherical coma. It is well known that this distribution is unrealistic, due to the aspherical nucleus shape and the large inhomogeneities in dust density distribution across the coma (Crifo and Rodionov 1997a,b) . As described in the introduction, a far more adequate description of both the particle density distribution (based on gasdynamic simulations) and the surface asphericity is underway. However, the spherical description is adequate enough for our purposes of investigating the effects of polarization on the input radiation.
The linear polarization phase curve observed in comets shows a negative branch at phase angles less than about 20
• and then an increase toward a maximum at about 90
• . Figure 5 shows the observed polarization of some comets in the red region of the spectrum, restricted to published narrow-band filter measurements at 684 nm, except for Comet Halley at phase angle less than 18
• , for which a wide-band red filter (centered at 685.5 nm and having a width of 108 nm) was used. For Comets P/Halley 1986 III, Bradfield 1987 XXIX, Liller 1988 V, and Levy 1990 XX, the data by Chernova et al. (1993) were considered, while for Comet Hale-Bopp 1995 O1 the data were taken from Manset and Bastien (2000) . For Comet Hyakutake 1996 B2, two sources of data are shown, those by Kiselev and Velichko (1998) and those published by Manset and Bastien (2000) . The differences between these sets of measurements might be due to different aperture sizes and different geocentric and heliocentric distances at the time of the observations (Manset and Bastien 2000) . Figure 5 also shows the fitted single scattering linear polarization curve corresponding to the magnesium-rich olivine. As is seen, all the cometary observations show a larger linear polarization percentage than does olivine. In wide-band measurements the depolarizing influence of gas emission would be present (Kiselev 1999) and so these were excluded. To fit the observed polarization data, we followed the suggestion by Kissel et al. (1986) that the comet dust is a mixture of silicate and absorbing material with high carbon content. The combined scattering matrix can be written as f R ij + (1 − f )Z ij , where Z ij and R ij are the matrix elements of the olivine and carbonaceous particles, respectively, and f is the carbonaceous particles scattering fraction. As a first approximation, we treat those carbonaceous particles as spheres and applied the Mie theory to compute the linear polarization. The carbon particles are assumed to have refractive indices of n r = 1.88 and n i = 0.71 at 0.6 µm (Edoh 1983) . We considered those carbon particles to be distributed following a log-normal size distribution characterized by a modal radius r m and width σ , which we set to σ = 1.5. Under these assumptions, the only way to fit the observations was to restrict the size of the carbon spheres to r m 0.1 µm. In particular, for Comets Hale-Bopp and Halley, we found excellent fits by setting r m = 0.05 µm and using scattering fractions of f = 0.06 and f = 0.035, respectively, as shown in Fig. 5 . In the case of Halley, the curve fits the polarization found in other comets as well. For Comet Hyakutake, there are significant differences between the two datasets shown in Fig. 5 , although most of the points fall somewhere within those two curves (3.5 and 6%). It should be noted that the specific composition of those small grains would not alter the calculations in principle, as the polarization curve is essentially the same for particles much smaller than the wavelength regardless of the refractive index. It is also interesting to note that the higher small-particle scattering fraction of Comet Hale-Bopp compared with that of Comet Halley supports the idea that Hale-Bopp has a greater number of smaller particles than does Halley (Li and Greenberg 1998 , Jones and Gehrz, 2000 , Mason et al. 2001 . The high small grain population in Comet Hale-Bopp is supported by a variety of techniques related to various physical parameters, such as superheat, 10-µm silicate excess, and phase angle dependence of the albedo (Mason et al. 2001) . It should also be stated that the model results are not appreciably modified if the particle radii are within 0.1 µm, provided the corresponding scattering fraction is increased. Spherical absorbing particles larger than 0.1 µm in radius would have not produced the desired polarization-phase angle curve, as they are much less polarizing at side angles. Finally, there is no constraint on particle shape for particles that small, since their polarization curves are independent of their specific shape. It should be emphasized, however, that all of these arguments assume sphericity for the carbonaceous particles and that non-spherical particles of much larger dimensions would also give polarization curves similar to that exhibited by tiny spherical particles (see, e.g., the discrete-dipole-approximation calculations by Yanamandra-Fisher and Hanner (1999) on nonspherical carbon particles in the 2.5-5 size parameter range).
For our purposes of testing the influence of polarization on the input energy that reaches the nucleus, and in view of the results shown in Fig. 5 , we decided to make computations for single scattering matrices having a representative value of 5% for small spherical carbonaceous particles scattering fraction and also, as an upper limit, having a 10% fraction. Figure 6 shows the resulting multiply scattered fluxes as a function of solar zenith angle for three values of the normal optical thickness. The differences in the recorded fluxes, can be best seen in Fig. 7 , where we show those differences in percentages for the 5 and 10% cases. As can be seen, the errors in the multiple scattering flux can be as large as 25-30% in the night hemisphere for 10% small particle scattering fraction and as large as about 15% for the 5% scattering fraction. For the total flux (direct + multiply scattered + reradiated) impinging on the nucleus surface, which is the quantity of interest in gasdynamic modeling, the errors are obviously reduced, being less than about 10% in all cases (see Fig. 8 ).
In our treatment of the Monte Carlo process, all photons make contributions either to the input energy to the nucleus or to the output flux. The four-element Stokes vector is recorded in our code as a function of the output angles. These calculations are not needed to account for the observed intensity or linear polarization from comets observed from the Earth because most of the light we see is singly scattered light, as the circumnuclear coma is hidden by a large number of particles. Nevertheless, they are useful for close-up photometry or polarimetry and questions related to nucleus visibility, as the multiple scattering effects will show up in the near-nucleus region. These effects could be present even in some ground-based imaging polarimetry, such as reported by Tanga et al. (1997) and Hadamcik et al. (1997) , or in the nonzero circular polarization sometimes reported in comets (Metz and Haefner 1987) , although most authors relate this phenomenon to the presence of aligned particles (e.g., Rosenbush et al. 1997) . Notwithstanding this, no modeling to explain this alignment has been made.
As an additional test of the code, we also report some computations concerning the variation of the degree of linear polarization of the output radiation of the spherical-shell coma versus the phase angle. In these computations, N , the number of initial photons, was increased to N = 5 × 10 6 , as we needed a better resolution in the output angular bins to represent adequately all the features of the single scattering polarization phase angle curve, particularly the negative branch at small phase angles. We considered a spherical nucleus surrounded by a sphericalshell coma having a variable optical depth and a Halley-like surface albedo (A s = 0.04; Keller et al. 1986 ). The particles are assumed to have a single scattering albedo of = 0.75, with the single scattering matrix being that of the magnesiumrich crystalline olivine sample described above. We considered three cases, corresponding to three different optical thicknesses, τ = 0.25, τ = 1.0, and τ = 2.0. Figure 9 shows the results obtained, along with the fit to the linear polarization data of the olivine sample. In all cases, a decrease in the linear polarization with respect to the single scattering polarization curve is found, although there are some interesting differences between the two regions of phase angle α < 90
• and α > 90
• . At phase angles α < 90
• , the degree of the linear polarization is influenced not only by the scattering by the particles in the coma but also by the depolarizing influence of a nonzero surface albedo, mainly at small optical depths. This explains why the polarization at τ = 0.25 is slightly smaller than that at τ = 1 or 2 up to about 65
• phase angle. As the phase angle approaches 90
• , and for phase angles greater than that, the effect of the surface is less and less important. At these high phase angles (α 80
• ), the degree of linear polarization decreases owing to the increase of the multiple scattering effects as the optical depth becomes larger. The region of the largest differences between the curves corresponding to the different optical depths is near 90
• phase angle, and, with that exception, all three curves display very similar values. Thus, within the framework of the model presented   FIG. 9 . The fitted single scattering linear polarization obtained in the laboratory for olivine (Muñoz et al. 2000) , along with the linear polarization of light emerging from a cometary spherical-shell coma obtained by the Monte Carlo code at three optical thicknesses.
here, comets having a wide range of dust optical depths would give almost the same degree of linear polarization as a function of the phase angle when observed at distances relatively close to the nucleus, and when Halley-like surface albedo conditions are applicable. Note that the cases of very small optical depth are not treated here: When τ 0.1, and independent of the surface albedo (assumed to be nonzero), the degree of linear polarization at phase angles α < 90
• would be negligible, as virtually all the photons in the output flux would have suffered the depolarizing influence of the surface. Also, for surface albedoes higher than that obtained for Halley, the depolarizing influence of the surface would be larger, so that the output flux would be less and less polarized at phase angles α < 90
• as the surface albedo increases, mainly for small optical depth conditions.
CONCLUSIONS
The main conclusions of this work can be summarized as follows:
(1) A new Monte Carlo code to compute both the input and output radiation from spherical-shell cometary atmospheres surrounding spherically shaped nuclei has been developed. The code is an improved version of that by Salo (1988) , as it includes the calculation of both the input and output fluxes and incorporates the full 4 × 4 scattering matrix into the Monte Carlo statistical procedure, allowing the linear (and circular) state of polarization for the emerging light of the coma to be computed.
(2) Validation tests of the code by detailed comparison with calculations made by other researchers guarantee its applicability.
(3) The variation of the single scattering polarization with phase angle in comets is shown to be adequately represented by a combination of the single scattering polarization obtained for a laboratory magnesium-rich olivine sample and a small scattering fraction from highly absorbing, small (∼0.05 µm in radius) carbonaceous particles, or, alternatively, larger (size parameter in the 2.5-5 range) nonspherical carbonaceous particles (Yanamandra-Fisher and Hanner 1999). The differences found in the polarization-phase curves for Comets Halley and HaleBopp can then be explained by different scattering fractions of such particles. This result is compatible with the conclusion that Comet Hale-Bopp is particularly rich in small particles, as predicted by various researchers.
(4) With the use of those combined phase matrices, the effects of polarization on the calculations of the energy input to the cometary nucleus surfaces are computed. The resulting multiply scattered fluxes with polarization included differ from those fluxes without polarization by as much as ∼30% on the nightside hemisphere. These variations are reduced to values close to 10% when the total flux (direct + multiply scattered + reradiated) is considered.
(5) Simulations of the variation of the linear polarization of light near a comet nucleus reveal that the multiple scattering effects lower the polarization values. For optical thickness τ 0.25, all the model polarization-phase curves display almost identical shapes, if Halley-like surface albedo conditions are assumed. These types of calculations are relevant to the interpretation of near-nucleus photometry and imaging by flyby or orbiting space-borne instrumentation.
